In this work, a unified study of the dynamics of the symmetrical physical pendulum in the phase-plane are presented. Three oscillation modes as plane, elliptical, and conical were obtained using an effective potential approach. The potential depend on the nutation coordinate and three adjustable parameters (reduced energy and reduced angular momenta) of the system. Approximate analytical solutions for PSP can be interpreted geometrically.
Introduction
For a symmetrical top which center of mass is below a suspension point, precession and spin can be considered small perturbations, is known as a physical symmetrical pendulum (PSP) with three degrees of freedom [1] .
As in an inertial reference frame the precession and the initial spin are of the order of 10 −4 rad/s (relatively very small and are kept small at all times), the nutation becomes the dominant motion. Under these initial conditions, the PSP describes approximately elliptical trajectories that precess very slowly in an inertial reference frame. This precession is so-called Allais precession [2] and the results of this study represent a first approximation to the dynamics of the asymmetric physical pendulum that is currently used by many researchers in the study of gravitational anomalies during eclipses [3, 4, 5] . Exact solutions in terms of elliptical functions have been given by some authors [6, 7, 8, 9] found for the symmetrical top. Maya et. al. studied the apsidal precession PSP as a generalization of the precession corresponding to the ideal spherical pendulum [10] .
The outline of the present paper is as follows: In Section 2 we develop the Theory for a PSP, where the derivation of the effective potential is obtained. The results and discussion are presented in Section 3 thrn different modes of oscillation (plane, elliptical, and conical modes) and some concluding remarks are given in Section 4.
In this work, the dynamics of PSP when is released near the surface of the earth, using an effective potential approach is studied in the phase-space of the different oscillation modes mentioned: plane, elliptical, and conical.
Theory for a PSP
A PSP consists of a solid mounted on a horizontal axis and can to rotate freely around a fixed point or support. The axis through the support is located above of center of mass center and where the precession and spin are considered as small perturbation with respect to the nutation.
The equation in canonical variables given by
is the total energy for a PSP. The moments of inertia with respect to X-and Z-axe (fixed to the pendulum) are I x and I z , respectively. The orientation of the system of XY Z-axes, with respect to XY Z-axes (inertial reference frame) are given by Euler angles θ, Φ, and ψ. p Φ and p ψ are the canonical conjugate momenta.
For the purpose of further transformations let us introduce the following dimensionless units:
where α is related with the shape of the pendulum. Taking into account these parameters, equation (1) becomes
Derivation of the effective potential
To find an effective potential that is θ-variationally optimized, we make expliciṫ θ 2 -coordinate in equation (3) and we introduce the dimensionless parameter ζ = cos[θ] to getζ
where the following dimensionless variable were used: (6) and
is the so-called effective potential to be used to derive information on the different modes of oscillation of the system. V eff is a function of ζ and the parameters , p 1 , p 2 to be adjusted. The absolute minimum of the effective potential or critical points can be obtained by minimizing equation (7) with respect to ζ,
This equation admits two solutions for given values of the parameters , p 1 , p 2 :
According to equation (9), ζ max is negative (is above ζ min > 0) due to ζ-axis is in direction of gravity.
The values of the effective potential associated with these critical points are: 
Results and Discussion
In this effective potential approach there are three adjustable parameters, (reduced energy), p 1 , and p 2 (reduced angular momenta). Figure 1 elucidates the asymmetric behavior with respect to axis-effective potential V eff [ζ] for 1.5 < ζ < 1.5 range. In particular for = 0.8, p 1 = 1 and p 2 = 1, the parameters must meet the following conditions:
The values obtained from equation (9) give ζ max = −1.12 and ζ min = 0.59 are in accordance with Figure 1 . We note that max > and, therefore we have other condition:
where max is not an upper bound but a function depends on the reduced energy. 
Modes of oscillation
The initial conditions for PSP when is released near the surface of the earth or typical plane mode are the following:
therefore in this inertial reference frame, precession and spin are small disturbances to the dominant nutation motion (θ ≈ 10 −1 ).
Plane mode
When the center of mass of the pendulum is released from an initial position with transversal velocity equal to zero, plane mode is obtained. The main characteristic isΦ = 0. For this mode we get:
The critical points and their corresponding energies are:
and max min = 1 27 27p
In figure 2(a) we illustrate the behavior of the effective potential for different values of = −1 (solid-line), = −0.5 (dashed-line), = 1.0 (dotted-line) and = 1.7 (dash dotted-line) and the momenta p 1 = 0, and p 2 = 0.02 corresponding to a bounded and oscillatory motion. If belongs to the range between −1 and 1, the pendulum has a bounded and oscillatory motion but if > 1, one has a bounded motion only for −1 < ζ < 1 and always passes through points ζ = ±1.
Phase-plane is shown in Figure 2 (b) where if = −1, then ζ = 1. For this case, the pendulum is hanging in the lowest position at the point (1,0) and energies below are not physically accepted. Now if = 1, then ζ = −1 and therefore it will be in the highest position at the point (−1, 0) and in this case there is an unstable equilibrium point and the pendulum can fall for any small disturbance.
Elliptical mode
In this oscillation mode, the center of mass of the pendulum moves between two horizontal planes ζ = ζ 1 and ζ = ζ 2 where ζ 1 , ζ 2 are the return points for effective potential (7). This mode is characterized by p 1 = 0 and
These conditions imply that ζ 3 < −1 ≤ ζ 2 < ζ 1 < 1 as shown in Figure 3 . Figure 3(a) shows the generic behavior of effective potential for the elliptical mode. On the horizontal axis, ζ 3 < ζ 2 < ζ 1 are the return points, the movement is bounded and physically acceptable for −1 < ζ 2 < ζ < ζ 1 < 1. The root ζ 3 violates the ligature. Therefore, a periodic and bounded motion has the pendulum for the following condition ζ 2 < ζ 1 < 1. Phase-plane corresponding is illustrated in Figure 3(b) .
Elliptical mode is interesting due to the model to approximate the physical asymmetrical pendulum or paraconical pendulum. This pendulum is used as a detector of non-relativistic gravity anomalies.
Conical mode
In conical mode, the center of mass of PSP describes a uniform circular motion at a fixed height in a horizontal plane, and it is characterized by the following conditions:
In this case ζ ≡ ζ e will be constant. The reduced energy ε as a function of height ζ e , P ψ , and P Φ is:
Angular frequency of circular motion in dimensionless units is:
There are two frequencies associated to the same height:φ e,+ describes the angular frequency of counterclockwise circular motion (fast precession) and, φ e,− in clockwise direction (slow precession).
The spin of the PSP in dimensionless units is:
Figure 4(a) shows the behavior of effective potential for ζ e = 0.5, P Φ = 0.5, = 9/8 and P ψ = 7/4. Physical region in phase-plane is reduced to ordered pair ζ e = (0.5, 0).
Conclusion
By an effective potential approach, dynamics of the symmetrical physical pendulum was studied. Potential (7) and the initial conditions (14) is conceptually simpler to obtain physical conditions for the three oscillation modes: plane, elliptical, and conical. For plane mode,Φ = 0 and depending on reduced energy values the pendulum has bounded oscillatory motion or bounded motion. In elliptical mode, p 1 = 0 and models very well a paraconical pendulum. The mode conical, Φ = const has two frequencies associated to the same height.
